The size distribution of the mini-filaments in voids has been derived from the Millennium Run halo catalogs at redshifts z = 0, 0.5, 1 and 2. It is assumed that the primordial tidal field originated anisotropy in the distribution of the void halos which resulted in the presence of the mini-filaments in the void regions ad that the mini-filaments in the voids are pristine without being modified severely in the evolutionary stages. Applying the filament-finding-algorithm based on the minimal spanning technique to the Millennium voids, we identify the minifilaments connecting the void halos and measure their sizes at each redshift. Then, we calculate the comoving number density of the void mini-filaments as a function of their sizes in the logarithmic interval and determine an analytic fitting function for it. It is found that the size distribution of the void mini-filaments in the logarithmic interval, dN/d log S, has an almost universal shape, insensitive to the redshift: In the short-size section it is well approximated as a powerlaw, dN/d log S ≈ S, while in the long-size section it decreases exponentially as dN/d log S ≈ exp[−S 2 /(2S 2 0 )], with S 0 ≈ 11 h −1 Mpc . We expect that the universal size distribution of the void filaments may provide a useful cosmological probe without resorting to the rms density fluctuation, σ.
INTRODUCTION
In the standard scenario, it is generally believed that the gravity is fully responsible for the formation and evolution of the large scale structure in the universe. Recently, however, it has been realized that the overall characteristics of the large scale structures cannot be understood only in terms of the gravitational influence. In fact it is the tidal field that provides a driving force in establishing the observed large scale filamentary structures in the universe (Bond, Kofman, & Pogosyan 1996) .
The cosmic voids are regarded as the large-scale structure that is most vulnerable to the tidal influence from the surrounding matter distribution due to their extreme low-density (Sahni & Shandarin 1996; Shandarin et al. 2004 Shandarin et al. , 2006 Lee & Park 2006; Park & Lee 2007b ). The tidal squeezing and distortion effect tend to deviate the void shapes from spherical symmetry and could sometimes lead even to the collapse and disappearance of the voids (Sahni & Shandarin 1996; Shandarin et al. 2004 ).
The presence of the mini filaments in the void regions marks the most striking evidence for the strong influence of the tidal field on the voids. As revealed by recent N-body simulations, the void halos are distributed anisotropically about the centers, forming void filaments (Peebles 2001) . Compared with the large-scale filaments, the size of the void filaments are quite short, consisting only of a few halos. But, the void filaments are pristine, keeping well the memory of the primordial tidal field (Einasto 2006) , unlike the large-scale filaments populating the overdense regions.
Given the cosmic web theory (Bond, Kofman, & Pogosyan 1996) , the mini-filaments in the void regions must have been caused by the alignments of the the void halos with the principal axes of the local tidal tensors from the matter distribution that surround the voids. Thus, the strength of the tidal effect from the surrounding matter on a void region should be related to the sizes of the mini-filaments in it: The stronger the tidal effect is, the larger the size of the void filament is. Since the primordial tidal field is directly related to the primordial density field, the size distribution of the pristine void filaments may be a powerful tool to probe the initial density field (Einasto 2006 ).
Our goal here is to derive the size distributions of the void filaments and to explore their statistical properties, assuming a ΛCDM cosmology. In §2, we briefly overview the data from the Millennium Run simulation. In §3, we explain the filament-finding algorithm and apply it to the Millennium voids. In §4, we calculate numerically the size distribution of the void filaments and determine an analytic fitting formula for it. In §4, we discuss the implications of our result and assess future applications of this work.
SIMULATION DATA: AN OVERVIEW
We use the catalogs of the friend-of-friend halos from the Millennium Run Simulation which follows the evolution of a total of N = 2160 3 ∼ = 1.0078 × 10 10 particles with individual mass of 8.6 × 10 8 h −1 M ⊙ from redshift z = 127 to the present in a periodic comoving box of linear size 500h −1 Mpc (Springel et al. 2005 ) .
The simulation was carried out by the Virgo Consortium using a customized version of the GADGET2 code 1 , for a flat ΛCDM cosmology with Ω m = Ω dm + Ω b = 0.25, Ω b = 0.045, h = 0.73, Ω Λ = 0.75, n = 1, and σ 8 = 0.9.
The void-finding algorithm developed by Hoyle & Vogeley (2002, hereafter HV02) was applied (Park & Lee 2007b ) to the Millennium Run halo catalogs at redshifts z = 0, 0.5, 1, and 2. The HV02 algorithm is characterized by two parameters: the wall/field criterion l and the minimum void-size threshold s c . The value of the parameter l is uniquely determined by the spatial distribution of the halos in the catalog. For the Millennium halo catalogs at z = 0, 0.5, 1 and 2, the values of the parameter l were found to be 2.78, 2.70, 2.67, and 2.75h −1 Mpc , respectively.
On the other hand the value of the parameter s c has to be determined through a statistical significance test (El-Ad & Piran 1997) . As done in our previous work (Park & Lee 2007b) , the statistical significance test was conducted to determine the value of s c at each redshift. The purpose of this test is to distinguish the true voids from the gap regions. Ten Poisson random samples of halos are generated at each redshift. Using these samples, we estimated the statistical significance of a void as P (s c ) = 1 − N P oisson (s c )/N catalog (s c ), where N P oisson (s c ) and N catalog (s c ) are the numbers of voids found in the random samples and the simulation catalog samples with the choice of the minimum size threshold s c , respectively. It was found that s c = 5.5 h −1 Mpc yields 98% confidence at all redshifts. Figure 1 plots the results of the statistical tests at all four redshifts. Table 1 lists the statistical properties of the Millennium voids found at each redshift.
THE VOID FILAMENTS IN A ΛCDM UNIVERSE
To find the void filaments, we apply the filament-finding algorithm developed by Barrow et al. (1985) to the void halos identified in the Millennium Run halo catalogs at z = 0, 1, 1.5 and 2. The filament-finding algorithm of (Barrow et al. 1985) utilizes the minimal spanning technique to extract the intrinsic linear patterns from the points. The minimal spanning technique is based on two key concepts: the minimal spanning tree (MST) and the k -branch. The MST of N data points represents a unique network connected by N − 1 edges which has minimum length without containing any closed loop. A k -branch is a path consisting of k -edges, having a leaf node only at one end. That is, one end of a k -branch is free while the other end of it is an intersection of the edges.
To construct MST out of the Millennium void halos, we adopt the simplest Prim process:
First, an arbitrary node (halo) is chosen as a starting point. Then the starting point is connected to its nearest neighbor along a straight line (edge). The edge and the two nodes as a whole forms a first partial tree. The next nearest node is determined and added to the partial tree with an edge, by which the partial tree is extended. After all nodes are connected to the tree according to the above prescription, the MST construction is completed.
The dominant linear features, i.e., filaments can be sorted out from the MST by taking the following MST-reduction steps (Barrow et al. 1985 ):
1. Pruning: An MST is pruned to level p by eliminating all the k -branches with k p.
Separating:
Remove all the edges with lengths exceeding the given cut-off length l c .
The role of the Pruning is to highlight the main stems by removing the minor twigs which hardly contribute to form the main structural patterns. While the role of the Separating is to break apart the MST into distinct pieces by cutting off the unphysical long linkages between the nodes. The pruning level p and the cut-off length l c are the two key parameters which control the degree of the MST-reduction.
In the previous works where the large-scale filaments were the targets to find with the MST technique, the values of p and l c in most cases were empirically determined as p = 9 (or 10) and l c = f l where l , is the mean edge-length of the unreduced tree (Barrow et al. 1985; Bhavsar & Ling 1988a,b; Pearson & Coles 1995; Coles et al. 1998 ). There were some authors who preferred l c = l + 2σ l or l c = l + σ l (Bhavsar & Ling 1988a; Zucca et al. 1991) .
Here, our target is not the large-scale filament but the mini-filament residing in the void regions. Therefore, it is naturally expected that the value of p and l c should be different from the previous empirically chosen values. Our strategy is first to investigate how the final result (i.e., the size distribution of the void filaments) changes with the values of p and l c , and then to use such values of p and l c at which our final result becomes stabilized.
By using this strategy, it is found p = 4 and l c = l + σ l for the identification of the mini-filaments in the Millennium voids. Here, the range of p is obtained from the distribution ofk values of the unreduced trees empirically. By p = 4, it means that we use only those branches which consist of at least 5 edges as the main stems among thek -branches. The detailed justification of this choice is given in §4. And, our choice of l c = l + σ l is made by investigating plenty of voids and noting that the Millennium void halos are found to have maximum number of branches when l c is given as l + σ l (Graham et al. 1995; Bastian et al. 2007 ).
We end up with a set of branches containing 2 nodes or more (isolated nodes are eliminated) after performing the MST-reduction operation. These reduced branches are regarded as the void mini-filaments. Figure 2 depicts the spatial distribution of the mini-filaments in a Millennium void on a two dimensional projected plane.
We apply the filament-finding algorithm to those Millennium voids which have more than 30 at each redshift. Table 2 lists the statistical properties of the void-filaments. Here, the linearity of a filament, R L , is defined by the ratio of the distance between the nodes of filaments to the total length along the path of filaments. Basically, it represents the straightness of a filament:The closer to unity the value of R L is, the more straight the filament is. Figure 3 plots the probability distribution of R L at z = 0, 0.5, 1 and 2 as solid, dashed, dot-dashed, and dotted histogram, respectively. As can be seen, the distribution has a peak around unity, implying that the void mini-filaments are quite straight. Figure 4 plots the number fractions of the Millennium voids that contain N f filaments.
THE SIZE DISTRIBUTION OF THE VOID MINI-FILAMENTS
The size of a void filament is measured according to the definition suggested by Colberg (2007) . We first calculate the separation distance between every pair of the nodes which comprise the void filament. Then, we select the largest separation distance as the size of the filament. Let S be the size of the void filament, and (x max , y max , z max ) and (x min , y min , z min ) represent the positions of the two nodes of the void filament whose separation distance is found to be the largest. Then the size of the void filament S is measured as
We measure the size of every void filament found in the Millennium Run data and calculate the number density of the void filaments as a function of their sizes in the logarithmic interval, dN/d log S. I Fig. 5 plots dN/d log S for the six different cases of the pruning level p. In each panel the solid, dashed, dot-dashed, and dotted line corresponds to z = 0,0.5,1 and 2, respectively.
As can be seen, as the value of p increases from 1 to 3, there is a noticeable change in the shape of the distribution dN/d log S. In contrast, the shapes of dN/d log S for the cases of p = 4, 5 and 6 look all similar. In other words, the shape of dN/d log S become stabilized after p = 4, becoming insensitive to the change of the value of p from 4 to 6. This result justifies our choice that the pruning level is set at p = 4 in the application of the filament-finding algorithm to the Millennium voids (see §3).
It should be also noted that the shape of dN/d log S is almost independent of the redshift. The four lines in each panel are almost indistinguishable among one another, which implies that the size distribution of the void filaments should be universal. To determine an analytic fitting formula to the universal size distribution of the void filaments, we first define ν as a rescaled size of a void filament: ν ≡ S/S • where S • is the size at which the distribution dN/d log S reaches a maximum value. The value of S • , is found to be 11. 69, 11.37, 11.32, and 11.38h −1 Mpc at z = 0, 0.5, 1, and 2, respectively.
The distribution of dN/d log ν was derived from dN/d log S. Figure 6 plots dN/d log ν numerically derived from the data of the Millennium Run simulation at z = 0, 0.5, 1 and 2 as open circles, squares, triangles and diamonds, respectively. As can be seen, this rescaled size distribution of the void filaments has a power-law shape with power index of 1 in the low-size section (ν < 1) and decreases exponentially in the long-size section (ν > 1). We use the following analytic formula to which the numerical results from all four redshifts are fitted.
where A is a normalization factor whose best-fit value is found to be 0.0012. This analytic fitting formula is plotted as solid line in Fig 6. As can be seen, equation (2) indeed fits the numerical points very well, even though it has only one fitting parameter, A.
A crucial implication of our result is that since the number density of the void filaments which exponentially drops in the long-size section should depend very sensitively on the background cosmology since the sizes of the void filaments reflect the primordial tidal field.
DISCUSSION
It is generally thought that the large scale structure of the universe provides a window on the initial condition of the early universe. In previous cosmological studies, it was the halo mass function that has been most highlighted as a statistical tool for probing cosmology with the large scale structure (Press & Schechter 1974; Sheth & Tormen 1999; Sheth et al. 2001; Jenkins et al. 2001; Reed et al. 2003) .
The most advantageous aspect of the halo mass function is that it can be written in a simple universal form, independent of the redshift Sheth & Tormen (1999) . Yet, the halo mass function has a generic weakness as a cosmological probe: its dependence on the cosmological parameters comes indirectly from the dependence of the halo mass on the linear rms density fluctuation, σ.
It is desirable to develop another statistical tool which can overcome the weakness of the halo mass function. Recently, several authors have noted the possibility of probing cosmology with cosmic voids (e.g., Plionis et al. 1992; Sheth & van de Weygaert 2004; Park & Lee 2007a; Platen et al. 2007 ). Yet, no new statistical tool that can really compete with the halo mass function has been suggested so far.
In our previous work Park & Lee (2007a) , for instance, we have proposed that the cosmic voids provide another window on cosmology. Given that the ellipticities of the voids are induced by the tidal interaction whose strength depends on the background cosmology, we have shown analytically that the void ellipticity distribution depends on the cosmological parameters.
However, it turns out that the void ellipticity distribution suffers from the same weakness that the halo mass function has. Its dependence on cosmology is secondary, resulting from the dependence of the void scale on the linear rms density fluctuation. Furthermore, the void ellipticity distribution cannot be written in a universal form unlike the halo mass function. Therefore, true as it is that the void ellipticity distribution provides another way to determine the cosmological parameters with the large scale structure, it cannot compete with the halo mass function.
In this work, we have for the first time quantified the effect of the tidal field on the cosmic voids not by their ellipticities but by the sizes of the void filaments. It is found here that the size distribution of the void filaments has a simple universal form which is almost independent of z and σ. What our result suggests is that the size distribution of the void filaments depend directly on the background cosmology without resorting to the rms density fluctuation.
However, there are three prerequisites for the application of the size distribution of the void filaments to real observational data. First, the redshift distortion effect has to be account for. What one can observe is not the real space but the redshift space in which the sizes of the void filaments could differ. Thus, it will be very necessary to investigate how the redshift distortion effect changes the size distribution of the void filaments from the one derived here.
Second, it has to be found how the size distribution of the void filament depends on the background cosmology. Here, we have derived it from the Millennium Run simulation data assuming a specified cosmology. It is, however, expected that the sizes of the void filaments depend strongly on cosmology since the distances between the void halos change sensitively with the strength of the tidal field. Thus, it will be also very necessary to derive a general form of the size distribution of the void filament for an arbitrary cosmology either analytically or numerically.
Third, it has to be examined whether the final result depends on the choice of the filament-finding algorithm or not. Unlike the virialized halos, there is no general consensus on how to identify the filaments. Thus, the size distribution of the void filament could change if a different filament-finding algorithm be used. We plan to address these three issues and report the results elsewhere in the near future.
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